In this paper, continuous homogeneous selection and continuity for the set-valued metric generalized inverses in 3-strictly convex spaces are investigated by continuity of metric projection. The results are an answer to the problem posed by Nashed and Votruba. Moreover, authors prove that there exists a proximinal hyperplane such that is continuous and is not approximative compact.
Introduction and Preliminaries
Let ( , ‖ ⋅ ‖) be a real Banach space. Let ( ) and ( ) denote the unit sphere and the unit ball of , respectively. By * we denote the dual space of . Let be a linear bounded operator from into . Let ( ), ( ), and ( ) denote the domain, range, and null space of , respectively. The Chebyshev radius and Chebyshev center of set are defined, respectively, by 
is said to be the metric projection from onto . Continuity of metric projection is an important content in theory of geometry of Banach spaces. Metric projection has important applications in the optimization, computational mathematics, theory of equation, and control theory. It is well known that if closed convex set is approximatively compact, then is upper semicontinuous. It is very natural to ask in which Banach spaces metric projection is upper semicontinuous and is not approximative compact.
The theory of generalized inverses has its genetic in the context of the so-called "ill-posed" linear problems. Such problems cannot be solved in the sense of a solution of a nonsingular problem. In order to solve the best approximation problems for an ill-posed linear operator equation in Banach spaces, Nashed and Votruba introduced the concept of the set-valued metric generalized inverse of linear operator in [1] . Moreover, Nashed and Votruba (see [1] ) raised the following study suggestion: "the problem of obtaining selections with nice properties for the metric generalized inverse merits is worth studying." In [2] upper semicontinuity of the setvalued metric generalized inverse in approximatively compact Banach spaces is investigated by means of the methods of geometry of Banach spaces. It is very natural to ask whether the approximative compactness of Banach space is necessary for upper semicontinuity of the set-valued metric generalized inverse . In this paper, authors, by putting different equivalent norms on 2 , show that there exists a proximinal hyperplane such that is continuous and is not approximative compact. Moreover, the authors 2 Journal of Function Spaces give some examples of continuous metric projection and lower semicontinuous metric projection. Finally, continuous homogeneous selection and continuity for the set-valued metric generalized inverses in 3-strictly convex spaces are investigated by continuity of metric projection. Hence approximative compactness of Banach space is not necessary for upper semicontinuity of the set-valued metric generalized inverse . The results are an answer to the problem posed by Nashed and Votruba. Other researches on generalized inverses of linear operators are visible in [1] [2] [3] [4] [5] [6] [7] [8] . First let us recall some definitions that will be used in the further part of the paper.
Definition 1 (see [9] ). A nonempty set is said to be Chebyshev set if ( ) is a singleton for all ∈ . A nonempty set is said to be proximinal if ( ) ̸ = 0 for all ∈ .
Definition 2 (see [9] ). A Banach space is said to be -strictly convex if for any + 1 elements 1 , 2 , . . . , +1 ∈ ( ), if
It is well known that is a 1-strictly convex space if and only if is a strictly convex space.
Definition 3 (see [10] ). A nonempty subset of is said to be approximatively compact if for any { } ∞ =1 ⊂ and any ∈ satisfying ‖ − ‖ → inf ∈ ‖ − ‖ as → ∞, the sequence { } ∞ =1 has a subsequence converging to an element in .
Definition 4 (see [11] ). Set-valued mapping : → is said to be upper semicontinuous at 0 , if for each norm open set with ( 0 ) ⊂ , there exists a norm neighborhood of 0 such that ( ) ⊂ for all in . is called lower semicontinuous at 0 , if for any ∈ ( 0 ) and any { } ∞ =1 in with → 0 , there exists ∈ ( ) such that → as → ∞. is called continuous at 0 , if is upper semicontinuous and is lower semicontinuous at 0 .
Definition 5 (see [12] ). A point ∈ ( ) is said to be -point if { } ∞ =1 ⊂ ( ) and → as → ∞; one has → as → ∞. Moreover, if the set of all -points is equal to ( ), then is said to have the -property.
Definition 6 (see [1] ). A point 0 ∈ ( ) is said to be the best approximative solution to the operator equation
Definition 7 (see [1] ). Let , be Banach spaces and be a linear operator from to . The set-valued mapping : → defined by Proof.
(1) Let ∈ . Pick ∈ and ∈ ( ). Then there exists ∈ such that − = . It is easy to see that 
a contradiction. This implies that is upper semicontinuous.
Let
This implies that is lower semicontinuous at 0 . Hence we obtain that is continuous. This completes the proof.
Theorem 9.
Suppose that every proximinal hyperplane of is approximatively compact. Then has the -property.
Proof. Let → , where { } ∞ =1 ⊂ ( ) and ∈ ( ). Then there exists * ∈ ( * ) such that * ( ) = 1. Hence the hyperplane * = { ∈ : * ( ) = 1} is proximinal. Suppose that the sequence { } ∞ =1 does not converge to . Then we may assume without loss of generality that ‖ − ‖ > for every ∈ . Since * is a proximinal set, there exists ∈ * such that dist( , * ) = ‖ − ‖. Since
we obtain that
This implies that the sequence { } ∞ =1 is relatively compact.
This implies that has the -property.
Example 10.
There exists a proximinal hyperplane of such that is continuous and is not approximative compact. Let ( 2 , ‖ ⋅ ‖ 1 ) and ( 2 , ‖ ⋅ ‖ 2 ) be two Banach spaces, where
Then
This implies that ‖ ‖ 1 ≤ ‖ ‖ 2 . Hence ‖ ⋅ ‖ 1 and ‖ ⋅ ‖ 2 are equivalent. This implies that ( 2 , ‖ ⋅ ‖ 2 ) is reflexive and if
be the orthonormal basis of ( 2 , ‖ ⋅ ‖ 1 ) and = 1 + +1 , where 0 < ≤ 1 and → 1 as → ∞. Then it is easy to see that
is not a Cauchy sequence in ( 2 , ‖⋅‖ 2 ). This implies that ( 2 , ‖⋅‖ 2 ) does not have the -property.
We claim that there exists a proximinal hyperplane of ( 2 , ‖ ⋅ ‖ 2 ) such that is continuous and is not approximative compact. Since ( 2 , ‖⋅‖ 2 ) is reflexive, we obtain that
, and ( ) = ‖ ‖ = ‖ ‖ = 1. Then, by Cauchy inequality and holder inequality, we have
This implies that max{| 1 |, | 2 |} = | 1 | + | 2 | and = whenever ≥ 3. It is easy to see that is a compact set. Therefore, by Theorem 8, we obtain that is continuous, where = { ∈ ( 2 , ‖ ⋅ ‖ 2 ) : ( ) = 0}. Hence, for any ∈ , we obtain that ( ) is continuous, where ( ) = { ∈ ( 2 , ‖ ⋅ ‖ 2 ) : ( ) = }. Suppose that every proximinal hyperplane is approximative compact. Then, by Theorem 9, we obtain that ( 2 , ‖ ⋅ ‖ 2 ) has the -property, a contradiction. 
Moreover, it is easy to see that 1 × 2 is lower semicontinuous.
Let be -strictly convex and = { ∈ : ( ) = 0, ∈ ( * )}. Then = { ∈ : ( ) = 1} is a nonempty compact set. Then, by Theorem 8, the metric projector operator is lower semicontinuous. Let be strictly convex and is an approximatively compact closed subspace of . Then the metric projector operator is continuous. Therefore, by Theorem 11, we obtain that × is lower semicontinuous on ( × , ‖ ⋅ ‖), where 
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Proof. (1) "⇒" Let 0 ∈ . We first will prove that is upper semicontinuous at 0 , that is, for any { } ∞ =1 ⊂ , → 0 ∈ , and any norm open set with ( 0 ) ⊂ , there exists a natural number 0 such that ( ) ⊂ whenever > 0 . Pick 0 ∈ −1 ( ( ) ( 0 )). Then, by the definition of setvalued metric generalized inverse, we obtain that
Since is a bounded linear operator, we obtain that ( ) is a closed subspace of ( ). Let
where [ ] ∈ ( )/ ( ) and ∈ ( ). Then it is easy to see that ( ) = ( ). Moreover, ( ) = ( ). In fact, suppose that ( ) ̸ = ( ). Then there exists ∈ ( ) such that ∉ ( ). It is easy to see that { ∈ ( ) : ‖ − ‖ = dist( , ( ))} = 0. This implies that ( ) is not a Chebyshev subspace of , a contradiction. Since ( ) = ( ), we obtain that ( ) is a Banach space. Moreover, it is easy to see that is a bounded linear operator and ( ) = {0}. This implies that the bounded linear operator is both injective and surjective. Therefore, by the inverse operator theorem, we obtain that −1 is a bounded linear operator. Pick
Since is approximatively compact and ( ) is a Chebyshev subspace of , we obtain that the metric projector operator
is a bounded linear operator, we obtain that
Hence we may assume without loss of generality that → 0 as → ∞. Since ( 0 ) = 0 − ( ) ( 0 ), we obtain that 0 − ( ) ( 0 ) ⊂ . Hence, for any ∈ ( ) ( 0 ), we obtain that 0 − ∈ . Hence there exist > 0 and > 0 such that ( 0 , ) − ( , ) ∈ . Since is a 3-strictly convex space, we obtain that ( ) ( 0 ) is compact. Therefore, by
This implies that
Since ( ) is upper semicontinuous, there exists 0 ∈ such that ‖ − 0 ‖ < and
whenever > 0 . Since 2 = min{ 1 , . . . , } and ( 0 , )− ( , ) ∈ for any ( ) ( ) such that ( ) ( ) ∉ . We claim that there exists > 0 such that
Otherwise, there exists ∈ ( ) ( 0 ) such that ( , 1/ ) ̸ ⊂ . Since ( ) ( 0 ) is compact, we may assume that → 0 ∈ ( ) ( 0 ) as → ∞. Hence there exists > 0 such that ( 0 , 4 ) ⊂ . Moreover, there exists 0 ∈ such that 1/ 0 < and ‖ 0 − 0 ‖ ≤ . Hence, for any ∈ ( 0 , 1/ 0 ), we have
This implies that ∈ . Hence ( 0 , 1/ 0 ) ⊂ , a contradiction. Let = and 0 = 0 . Then
Since ( ) ( 0 ) ⊂ , we obtain that
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whenever ‖ − 0 ‖ < , we obtain that is not upper semicontinuous at 0 , a contradiction.
(2) "⇒" Let 0 ∈ and → 0 as → ∞. Then, by the previous proof, there exist 0 ∈ and { } ∞ =1 ⊂ such that ( ) ( 0 ) = 0 , ( ) ( ) = , and → 0 as → ∞. Then ( 0 ) = 0 − ( ) ( 0 ) and ( ) = − ( ) ( ). Since ( ) is continuous, we obtain that, for any ∈ ( ) ( 0 ), there exists ∈ ( ) ( ) such that → 0 as → ∞. Hence, for any 0 − ∈ 0 − ( ) ( 0 ), there exists − ∈ − ( ) ( ) such that − → 0 − as → ∞. This implies that is lower semicontinuous at 0 . Therefore, by (1), we obtain that is continuous at 0 .
"⇐" Let 0 ∈ and → 0 as → ∞. Then, by the previous proof, there exist 0 ∈ and { } ∞ =1 ⊂ such that ( ) ( 0 ) = 0 , ( ) ( ) = , and → 0 as → ∞. Then ( 0 ) = 0 − ( ) ( 0 ) and ( ) = − ( ) ( ). Since is continuous, we obtain that for any 0 − ∈ 0 − ( ) ( 0 ), there exists − ∈ − ( ) ( ) such that − → 0 − as → ∞. Hence, for any ∈ ( ) ( 0 ), there exists ∈ ( ) ( ) such that → 0 as → ∞. This implies that ( ) is lower semicontinuous at 0 . Therefore, by (1), we obtain that ( ) is continuous at 0 .
We next will prove that condition (3) is true. For clarity, we will divide the proof into some parts.
(3a) Define a set-valued mapping : → such that ( ) = ( ( )). We claim that if → as → ∞, then
where ∈ and ∈ . Otherwise, we may assume without loss of generality that sup ∈ ( ) inf ∈ ( ) ‖ − ‖ ≥ 2 > 0 for all ∈ . Then there exists ( ) ∈ ( ) such that inf ∈ ( ) ‖ − ( )‖ ≥ for all ∈ . Since is a 3-strictly convex space, we obtain that ( ) ( ) is compact. From the previous proof, there exists ∈ such that ( ) = − ( ) ( ). This implies that ( ) is compact. Hence we may assume without loss of generality that ( ) → 0 as → ∞. This implies that 0 ∈ ( ). Hence we may assume without loss of generality that
for all ∈ . Since ( ) is continuous, by 0 ∈ ( ), there exist ℎ ∈ ( ) such that ℎ → 0 as → ∞, which contradicts formula (27).
We next will prove that is upper semicontinuous. Suppose that is not upper semicontinuous. Then there exist { } ∞ =1 ⊂ , 0 ∈ , and a norm open set such that ( ( 0 )) ⊂ , ( ( )) ̸ ⊂ , and → 0 as → ∞. Hence there exists ∈ ( ( )) such that ∉ . Since ( ) is continuous, we obtain that is upper semicontinuous. Hence, for any > 0, there exists 0 ∈ such that
, ( )) < 1/ . Since ( 0 ) is compact, we may assume without loss of generality that ( ) → 0 as → ∞. This implies that dist({ } ∞ =1 , 0 ) = 0. Hence we may assume without loss of generality that → 0 as → ∞. We claim that 0 ∈ ( ( 0 )). In fact, suppose that 0 ∉ ( ( 0 )). Let 0 = ( ( 0 )). Then there exist ℎ 0 ∈ ( 0 ) and > 0 such that ‖ℎ 0 − 0 ‖ ≥ 0 + . Moreover, we claim that
Otherwise, we may assume that there exist ℎ ∈ ( ) and > 0 such that inf ∈ ( ) ‖ − ℎ ‖ ≥ . Since ( ) is continuous, we obtain that is continuous. From the previous proof, we may assume without loss of generality that ℎ → ℎ 0 ∈ ( ), a contradiction. Therefore, by formulas (26) and (29), we may assume that
for every ∈ . Therefore, by formula (30) and → 0 , we may assume that there exists ℎ ∈ ( ) such that
for every ∈ . Then
for every ∈ . Therefore, by ∈ ( ( )), we obtain that Journal of Function Spaces for every ∈ . Pick ∈ ( ( 0 )). Therefore, by formula (30), there exists ∈ ( ( )) such that ‖ − ‖ < /64. Since the set ( ) is compact, there exists ∈ ( ) such that ‖ − ‖ ≥ ( ( )). Moreover, by formula (30), there exists ( ) ∈ ( ( 0 )) such that ‖ ( ) − ‖ < /64. Since the set ( 0 ) is compact, we may assume without loss of generality that ( ) → as → ∞. Hence we may assume without loss of generality that ‖ − ‖ < /60. Therefore, by ∈ ( ( 0 )), we obtain that
which contradicts formula (33). This implies that is upper semicontinuous. (3b) We will prove that if is a 3-strictly convex space and ∈ , then there exists ∈ and a 2-dimensional space such that ( ) ( ) ⊂ + . We may assume that = 0. Pick 1 , 2 , 3 , 4 ∈ ( ) (0) such that 1 , 2 , 3 are linearly independent. Then ( 1 + 2 + 3 + 4 )/4 ∈ ( ). Therefore, by the Hahn-Banach theorem, there exists * ∈ ( * ) such that
We may assume without loss of generality that 4 = 1 1 + 2 2 + 3 3 . Then * ( 4 ) = * ( 1 1 + 2 2 + 3 3 ) = 1. Hence 1 + 2 + 3 = 1. Since 1 , 2 , 3 are linearly independent, we obtain that for any ∈ ( ) (0),
This implies that, for any ∈ ( ) (0), we have = 1 1 + 2 2 + 3 3 , where 1 + 2 + 3 = 1. Then
This implies that ( ) (0) ⊂ span{ 1 − 3 , 2 − 3 }+ 3 . Hence, if is a 3-strictly convex space and ∈ , then there exists ∈ and a two-dimensional space such that ( ) ( ) ⊂ + . Moreover, we know that, for any ∈ , there exists ∈ such that ( ) = − ( ) ( ). Hence, for any ∈ , there exists ∈ and a two-dimensional space such that ( ) ⊂ + .
(3c) We next will prove that, for any ∈ , the set ( ( )) is a line segment. In fact, suppose that
Since ( 1 + 2 + 3 )/3 ∈ ( ( )) − , there exists ∈ ( ( )) − such that
Moreover, by formula (38), there exists ∈ (1, +∞) such that
a contradiction. This implies that the set ( ) − is a line segment. Hence the set ( ( )) is a line segment. (3d) From the proof of (3c), we obtain that the set ( ( )) is a line segment for all ∈ . Let ( ( )) = [ (1, ), (2, )] . Define
for any ∈ . We next will prove that is continuous at , where
Since the set ( ( )) is a line segment for any ∈ , there exist two sequences { (1, )} 
and [ 
which contradicts ‖ ( ) − ( )‖ ≥ for all ∈ . Hence we obtain that is continuous on { ∈ :
(3e) We next will prove that is a homogeneous selection of . Pick ∈ . Then, by the previous proof, there exists ∈ such that = ( ) ( ) and ( ) = − ( ) ( ). Since
we have ( ) = = ( ) ( ) = ( ) ( ). Therefore, by the definition of the set-valued metric generalized inverse, we have
Then 0 is a closed subspace of . Since is a 3-strictly convex space, we obtain that 0 is a 3-strictly convex space. Moreover, by the Hahn-Banach theorem, there exists ∈ ( * 0 ) such that
Since 0 is a 3-strictly convex space, we obtain that is compact. Therefore, by Theorem 8, we have ( ) ( ) = − , where = { ∈ ( 0 ) :
, we obtain that
This implies that Proof. By Theorem 8, it is easy to see that (1) and (2) are true.
Since is a 2-strictly convex space, we obtain that ( ) ( ) is a line segment for all ∈ (see [8] It is easy to see that is lower semicontinuous. Hence is continuous.
Conflicts of Interest
The authors declare that they have no conflicts of interest.
